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Abstract 

This is a report on the joint work with Francois Gieres, Stefan Hoheneg- 
ger, Olivier Piguet and Manfred Schweda. We consider a non-commutative 
U(l) gauge theory with an extension which was originally proposed by 
A. A. Slavnov [3l 13] in order to get rid of UV/IR mixing problems. Here 
we show, that the improved IR behaviour of this model is mainly due to 
the appearence of a linear vector supersymmetry. 
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1 Introduction 

We consider 3+1 dimensional ^-deformed Minkowski space-time M^, witli tlie 
commutation relation 

[x^,r]=ir'^ (1) 

for the space-time coordinates (cf. [71 E], see also [9] for a review). The non- 
commutativity parameter 6^'^ is assumed to be constant and in order to avoid 
difficulties with time-ordering in the field theory, we choose the special case where 
0Ofi _ g order to construct the perturbative field theory formulation, it is 
more convenient to use fields A{x) (which are functions of ordinary commuting 
coordinates) instead of operator valued objects like A{x). One therefore defines 
the linear map f{x) i— > S[f]{x), called the "symbol" of the operator /. One can 
then represent the original operator multiplication in terms of star products of 
symbols as 

f9 = S-' [s[f]^S[g]] . (2) 

In using the Weyl-ordered symbol (which corresponds to the Weyl-ordering pre- 
scription of the operators) one arrives at the following definition of the Weyl- 
Moyal ^-product iS[f]{x) A{x)): 

Ai(x) * A2(x) = ei^"''^M^^'Ai(x)A2(2/) . (3) 

x=y 

It has the important property of invariance under cyclic permutations of the 
integral 

J d'^xAi{x) A2{x) i< Asi^x) = j d!^xA^{x)i< Ai{x)i< A2{x) . (4) 
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Moreover, bilinear terms are unaffected by tlie star product: 



j d'^xAi{x)i^ A2{x) = j d!^xAi{x)A2{x) . (5) 

For a field theory this means that interaction vertices gain phases, whereas prop- 
agators remain unchanged. In constructing Feynman graphs one hence has to 
deal with so-called planar and non-planar diagrams [TU]. While planar diagrams 
have the same ultraviolet divergences known from commutative field theory, the 
non-planar ones are finite due to phase factors. A simple example of an integral 
appearing in non-planar graphs is 

ikp 1 

rf^A;- oc — with p^" = • 

+ le 

It is obvious, that the phases act as UV-regulators, but since this regulating 
effect can only take place for non-vanishing p, a new infrared divergence appears 
as p —>■ 0. This is the origin of the UV/IR mixing problem [TTl [T2] . 

Here we would like to consider a non-commutative U{1) gauge theory action 

1 /'.4„ 



S = --J d^xF^,^F^\ (6) 
where the field tensor 

F^, = d^A, - d,A^ - ig [A^ t AJ\ (7) 

is endowed with a non-Abelian structure due to the star product. As shown by 
several authors |6l HH |15] , this action leads to an IR singular vacuum polarization, 
whose quadratic IR divergent term 

mk) = ^^J^ with k^ = e^'K (8) 

is gauge fixing independent. Obviously, graphs with this insertion are IR diver- 
gent. 



2 The Slavnov Term 

In order to get rid of IR divergences, Slavnov [31 H] has proposed a modification 
of Yang-Mills theories, adding to the action a term 



d^xXi.e^'^F^,^. (9) 
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Figure 1: this graph has now become IR finite 



In doing this, a constraint O^'^F^^y = is implemented which has the effect of 
making the gauge field propagator transversal with respect to k^, i.e. k^A^^{k) = 
0. Hence, IR divergent Feynman graphs such as the one depicted in Figure [T] 
become finite. 

There is, however, a catch: Even though A is introduced as a Lagrange mul- 
tiplier implementing a constraint, it becomes a dynamical field. Or to be more 
precise: One has additional Feynman rules, namely a A-propagator, a mixed XA- 
propagator and a XAA-vertex, and hence numerous additional Feynman graphs. 
Since the additional propagators are not transversal with respect to k^^, Slavnovs 
trick does not work for certain diagrams, i.e. the one depicted in Figure El 




Figure 2: example of an IR divergent graph 



Let us now discuss special features of the gauge fixed action including the 
Slavnov term: In order to avoid unitarity problems [T^ we choose the non- 
commutativity tensor spacelike, i.e. 

e'^=9e'^, i,3 = l,2 

Furthermore, we choose the gauge fixing to be of an axial type [HI [17] with gauge 
fixing vector in the plane of the non- commutative coordinates: 

ri^ = 0, J = 0,3 

With these choices the Slavnov term, together with the gauge fixing terms, 
have the form of a 2-dimensional topological BF model (cf. [U [3] and references 
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therein) : 

5i„v = J d^x {~F^, * F^^ + ^ e'^Fi^) (10) 



j d^x (Bicn'Ai-cicn'Dic) (11) 



and 

with the covariant derivative 

DfiC = (9^c - ig [Af^ * c] . 



3 Symmetries & Consequences 

The action S — Smv + Sgi is invariant under the BRST symmetry 

sAf^ = Df^c , sc^ B , 

sX — —ig [A, c] , sB — , 

sc=|[c,c], 5^ = 0, (12) 

where we have omitted the stars, and the commutators are considered to be 
graded by the ghost-number. Additionally, the gauge fixed action is also invari- 
ant under a (non-physical) linear vector supersymmetry (VSUSY), whose field 
transformations are 

6iA^ = , 5iC = Ai, 

diC = 0, 5iB = diC, 

S-X^^n^c, 5^ = 0. (13) 

u 

Since the operator Si lowers the ghost- number by one unit, it represents an an- 
tiderivation (very much like the BRST operator s which raises the ghost-number 
by one unit). 

Note: Only the interplay of appropriate choices for 9^^ and lead to the 
existence of the VSUSY. 

In contrast to the pure topological theories, we have an additional vectorial 
symmetry: 

lAj = -Fu, 5,A = -^Di,F^^ 

= for all other fields . (14) 
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This further symmetry is in fact a (non-hnear) symmetry of the gauge invari- 
ant action. Its existence is due to the presence of the Yang-Mills part of the 
action which, in contrast to the BF-type part of the action, involves also Aq and 
A^. Notice that the algebra involving s, 6i, 6i and the (xi, X2)-plane translation 
generator di closes on-shell (cf. [Ij). 

We shall now discuss the consequences of the linear VSUSY: The generating 
functional of the connected Green functions is given by the Legendre transform 
of the generating functional F of the one-particle irreducible Green functions. At 
the classical level (tree graph approximation) one has F ~ 5", and hence the 
Ward identity describing the linear vector supersymmetry in terms of Z'^ in the 
tree graph approximation is given by 

W.Z=^/.%{,.a.f -,.|!+|n^,.f 1^0. (15) 

where {Jaj j\i js, jc, jc} are sources of {A^, X, B,c,c}, respectively. Varying this 
expression with respect to jc and yields for the gauge field propagator: 



Aa,:A, = 



(16) 



In other words, as soon as one of its indices is either 1 or 2, the gauge field 
propagator is zero. As the XAA-vertex is proportional to 6ij, which here is non- 
vanishing only in the (xi, a;2)-plane, relation (1161) has the following important 
consequence for the Feynman graphs: The combination of gauge boson propa- 
gator and XAA vertex is zero (see Figure [3]). Furthermore, it is impossible to 




Figure 3: The AAA- vertex contracted with a photon propagator vanishes. 

construct a closed loop including a AAA-vertex without having such a combina- 
tion somewhere. Hence, all loop graphs involving the XAA-vertex vanish! 

In particular, dangerous vacuum polarization insertions as in Figure [2] vanish. 
This is the reason, why the model is free of the most dangerous, i.e. the quadratic, 
infrared singularities, as pointed out by Slavnov [4j for the special case of = 
(0,1,0,0). 
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4 Generalization 



In this section we would like to discuss the question whether we can show can- 
cellation of IR singular Feynman graphs for a more general choice of 9'^'^ and 
n^. The answer is yes, but we need to impose stronger Slavnov constraints. The 
initial Slavnov constraint was 9^'^Fi2 + 9^^Fi^ + 6'^^F23 = 0. With "stronger" we 
mean that each term in the sum should vanish seperately. Upon imposing these 
stronger conditions we may write for the action [2]: 



(17) 



with i,j,k G {1,2,3}. This action looks like a 3 dimensional BF model coupled 
to Maxwell theory. As in the pure BF-case, the action has two gauge symmetries 

5giAf, = D^A , 6g2Af, = 0, 

SgiXk = -ig [Afc, A] , 6g2Xk = DkA' . (18) 

Similar to the previous model, we have an additional bosonic vector symmetry 
of the gauge invariant action: 

SiAq = —FiQ , 5i\j = eijkDQF^^ , 

6iAi = . (19) 

There is, however, a difference to the previous case: The additional vectorial 
symmetry is broken when fixing the second gauge symmetry Sg2- 

If we consider a space-like axial gauge fixing of the form0 

= J d^x [Bn'Ai + d'n'Xi - cn'DiC - A0] , (20) 
the gauge fixed action is invariant under the linear VSUSY 

(5jC = Ai , 5iXj = Gijk'IT' c, 

6iB = diC , 

5i$ = , for all other fields, (21) 

in addition to the usual BRST invariance. The Ward identity describing the 
linear vector supersymmetry in terms of Z'^ at the classical level is given by 



Jsd.^-f - j/-^ + e.,kn^jf-p\ = 0. (22) 



^d! ^ d — \g [(/), c] is the redefined multiplier field fixing the second gauge freedom 5g2. 
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Hence, the same arguments as before show the absence of IR singular graphs. 
However, the model exhibits numerous further symmetries which have been dis- 
cussed in p]. 

One should also note, that a generalization to higher dimensional models is 
possible. For example if A had n indices the VSUSY would become 



after appropriate redefinitions of Lagrange multipliers. 

5 Conclusion and Outlook 

Slavnov-extended Yang Mills theory can be shown to be free of the worst infrared 
singularities, if the Slavnov term is of BF-type. Furthermore, supersymmetry, 
in the form of VSUSY, seems to play a decisive role in theories which are not 
Poincare supersymmetric. Open questions are: 

• What is the role of VSUSY with respect to UV/IR mixing in topological 
NCGFT in general? 

• What are the consequences of the additional symmetries appearing in these 
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